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The dispersion equation for o single, nonreacting, nonadsorbing species is derived for in-
compressible, laminar flow in anisotropic porous media. Direct integration of the appropriate
differential equations gives rise to a dispersion vector y; and a tortuosity vector v; both of
which must be evaluated experimentally. For the dispersion vector, this is conveniently done by
representing ¢; in terms of the velocity and gradients of the velocity and concentration. The
experimental determination of v; is not straightforward except for the case of pure diffusion.
The analysis yields a result which contains all the features of previously presented dispersion
equations without making any assumptions as to the nature of the flow, that is, bypassing,
cell mixing, etc., except that it be laminar. Attacking the dispersion problem in terms of the
differential diffusion equation provides a rational basis for the correlation of experimental datae
and illustrates the connection between the microscopic and macroscopic equations.

Dispersion in porous media is of interest to chemical
engineers who are generally concerned with reacting and
adsorbing species, to petroleum engineers who are con-
cerned with the miscible displacement processes that oc-
cur in oil recovery, and to civil engineers who are con-
fronted with the problem of salt water encroachment of
coastal aquifers, The analysis presented in this paper deals
with the simplest case, that is, dispersion of a single, non-
reacting, nonadsorbing species in the absence of density
or viscosity gradients.

Previous workers (2, 3, 8, 10, 16) are in general agree-
ment that the dispersion equation should take the form

ac+v(ac)__6 (D ac) 1)
ot : ox; - Bx,- i 0%

where the right-hand side of Equation (1) represents both
convective and diffusive transport. In the absence of dif-
fusional effects the tensor Dy is generally expressed as
(8, 16)

Djx = D' joim 1 Om/0 (2)

The development of Equations (1) and (2) rests largely
on the cell-mixing moélel first discussed by Kramers and
Alberda (12), extended by Bear (3) to two-dimensional
ﬂo;vs, and generalized by de Josselin de Jong and Bossen
(8).
While the cell-mixing model is undoubtedly connected
to reality, and is especially valuable in treating turbulent
flows, it has the disadvantage of being unnecessarily re-
strictive when laminar flows are being considered. The
purpose of this paper is to attack the dispersion process
directly in terms of the diffusion equation, thus providing
a more flexible means of interpreting the experimental
data that is always required in problems of this type.

THEORY

Since the direct solution of the diffusion equation is
prohibited by the complex geometry of the porous media,
we must develop equations describing average concentra-
tions and velocities. Thus we start with the microscopic
equations which hold at a point in space and develop the
appropriate macroscopic equations which hold for some
volume V in space. There are two ways in which one
might form these macroscopic equations. The microscopic
equations could be averaged over the fluid region, thus
yielding a macroscopic equation valid over a discontinu-
ous space, or the microscopic equations could be averaged
over the entire region, thus providing a macroscopic equa-
tion valid over a continuous space. This latter approach
has obvious advantages when the time comes to integrate
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the equations and compare them with experiment; how-
ever, it does require that we work with functions having
jump discontinuities (23, p. 76; 24, p. 492). The formulas
required for treating such functions are presented in Ap-
pendix C.t There it is shown that the average of the de-
rivative is equal to the derivative of the average plus 1/V
times the interfacial area integral of the jump of the func-
tion at the fluid-solid interface. Thus for some vector g

- 1
vV-g=V-g +7 _’;(D [glndA

Here [g] represents the value of g in the fluid region
minus the value of g in the solid region, both being limit-
ing values of g as the interface is approached. The unit
normal n is taken as pointing into the solid region.

The structure of a porous media may be described in
terms of the void volume distribution function «(x;) where

(€23)

1 if «; lies in the void or fluid region
a(x) = { (3)

0 if x; lies in the solid region

We specify that «(x;) remains constant at either zero or
one as ¥; approaches the fluid-solid interface; however, the
value of «(x;) at the interface is not defined. Under this
condition we say that a(x;) has a jump discontinuity at
the fluid-solid interface.

With each point in space we associate a volume V (for
example, a sphere of radius r,) for which we wish to
specify average values. The porosity @ is then given by

1
‘I’=V‘£ a{x;) dV (4)

where V must be large enough so that ® is independent
of V, although it may still be a function of x; if the porous
media is nonhomogeneous. This requires that significant
variations in the structure of the porous media occur over
distances which are large compared with V*/3, If we desig-
nate U as the volume of the fluid contained in V, we may
express the porosity as

e=V/V (8)

For incompressible flows the total continuity equation
ist

.1 Deposited as_document 9234 with the American Documentation In-
stitute, Photoduplication Service, Library of Congress, Washington 25,
D. Cﬁ’l and may be obtained for $1.25 for photoprints or 35-mm.
microfilm.,

1 The developments presented in this section will be restricted to

recl;angular coordinates. The appropriate equations for curvilinear co-
ordinates will be presented in Appeundix B.
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Forming the average over the volume V and using Equa-
tion (C23) one gets z

1 ( av; ) ] [ 1 ] a0;
—_— —— V=co—{ — idV = e =
\'% J:’ axi d \% fv v 0x.

ax;

(7)

since there are no jump discontinuities in the velocity ov;.
In a two-component, incompressible flow system obeying
Fick’s law, the diffusion equation may be written as {4, p.

557)
dc d d ( ac )
ot * 0x; (U C) ox; D 0x; ( )

where D is the molecular diffusivity and ¢ represents the
molar density of the diffusing species. In analyzing Equa-
tion (8) we will assume that it is valid everywhere, but
that ¢ is zero in the solid region.t We also assume that ¢
and derivatives of ¢ are continuous everywhere in the fluid
region and approach definite values as the fluid-solid in-
terface is approached.

Forming the integral over V gives

1 (80) 1 ]
—_— — o — (vic)dV
\% ‘[’ ot v+ \% f" dx; (vic)

1 ] ( dc )
= — —_ — ] dav (9
\ v axj D 317]' ( )

We first interchange differentiation and integration for
the first term in Equation (8) to obtain

L0 (e 2[5 Lo ]-E

Since v,c is a continuous function suﬁering no jumps at
the fluid-solid interface, Equation (C23) is readily ap-
plied to yield

P J—
-‘7 v —a;- (uic)dV = —3751- (UiC) (11)

Application of Equation (C23) to the right-hand side of
Equation (9) yields

R (i)ﬁf—) av

V YV ox; ox;
] ( dc ) 1 de
= —_— —_ —_— - — dA (12
ox; D 9x; + 1 j‘;(i) D ox; ]"J (12)

dc
Here the area integral of [ D s ] ny represents the
i .

net rate at which material is adsorbed on the solid-fluid
interface. A detail treatment of this term would require
postulating a rate expression for mass transport between
the fluid and the solid in addition to formulating an over-
all material balance for the adsorbed phase. For the pres-
ent we restrict the analysis to a nonagsorbing species and

write
dc
D —
[ ox;

Substitution of Equations (10) to (13) into Equation (9)
yields

n; = 0 (13)

} Alternatively we may multiply Equation (8) by a(xi) and take the
result to be valid for all xi.
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ac d d ( vac)
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It is well established that the diffusivity depends on the
concentration for liquid systems; however, we may expect
that variations of ¢ in the volume V are not large and the
diffusivity may be removed from the averaging process in
Equation (14), yielding

e [o(E)]
o o (we) = 1P\ 5 (15)

While assuming D constant within the volume V, Equa-
tion (15) still allows for variation of D with x;.

Application of Equation (C23) to the right-hand side
of Equation (15) yields

oc aﬂ_a[(aal )]
ot T (00 = o L2 o Ty J‘Am[c] mdA

Two distinct problems arise from this equation. One is
the convective transport term on the left-hand side, and
the other is the area integral of the jump in ¢ on the right-
hand side. The convective transport term can be treated
in a fairly straightforward manner, and the analysis of
this term is the main objective of this paper, The area in-
tegral of the jump in ¢ represents the reduction in diffu-
sional transport owing to the tortuosity of the porous
media (19, p. 45). This term has not appeared in any
previous discussion of diffusion in porous media, although
the effect is well known and often accounted for by mod-
els of porous media (20 to 22).

That this term is associated with the tortuosity can
easily be demonstrated by some qualitative arguments, We
consider as an example pure diffusion through a porous
media made up of an array of straight capillary tubes.
This configuration is illustrated in Figure 1. The volume
V used to obtain the averages would be the thin slab in-
dicated, and the concentrations in the bulk fluid at x = 0
and x = L are taken as ¢, and ¢y respectively. In utiliz-
ing Equation (16) we must be careful to remember that
T is the average concentration over the total volume V
and is therefore necessarily different from the average
concentration over the fluid volume V. This is defined as

N |
=3 J, cav ()

Volume used
“;;;;;;;;;;;;;;;; for averaging
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Fig. 1. Diffusion through an array of straight
copiilary tubes.
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and the two concentrations are related by
T=a¢ (18)

Restricting Equation (16) to steady, one-dimensional dif-
fusion, we may integrate once to obtain the diffusion flux

Izt .
'E=—D(-‘%}+-%"£m [c]ndA) (19)

When one notes that the unit vectors i and n are always
orthogonal, the second term on the right-hand side of
Equation (19) is identically zero. Incorporating Equation
(18) into this result, integrating once more and applying
the appropriate boundary conditions, one obtains

— PACY

Ja D( T (20)
where Acs = ¢s — cs1. This is a trivial example and is
presented only to show that the derived equation reduces
to the expected result for this simple case.

We now consider a porous media made up of an array
of twisted capillary tuges such as that illustrated in Fig-
ure 2. Once again the flux is given by Equation (19);
however, in this case i - n is not zero and our result re-
duces to

]—_ D(@AC;
= L

Here the second term, which will be strongly dependent
on the geometry of the porous media, is nonzero and is
the proper term for representing the decrease in the dif-
fusion rate owing to the irregular geometry of the porous
media.

The general analysis of this term would be simplified if
a dimensionless area were used to yield

oc 0  — 8 ac
%2 G- (Z

ax,-

An J' > ]

—_— c] nidA 22
+ Jy [eam (22)
Here the differential area df is equal to dA/Ay), and
Ay is dimensionless with a value of unity. We define the
tortuosity vector r; as

+ -‘17f [c] ndi) (21)

Ay

T = f [c] ndA (23)
Aw
and write Equation (22) as
oc 0 — d [ < ac ) ]
— — 2 T wee— — 24
e () =g 1P\ g TRy (24)

Here the ratio of area to volume has been replaced by R.

This form of the macroscopic mass transport equation
represents a suitable starting point for the experimental
study of diffusion in porous media. Experiments could be
used to determine the value of 7; and its dependence on
the parameters governing the mass transfer. Note that the
first term on the right-hand side depends on the geometry
only through the porosity ®, which enters this result via
Equation (18). However, the second term is intimately
involved in the geometry via the ratio of area to volume R
and the tortuosity vector r;, Experimental determination
of 7; would appear to be quite difficult except for the case

Volume used
for averaging

Fig. 2. Diffusion through an array of twisted
capillary tubes.

v; = Bi +;; (25)

c=C+7c (26)
where

i=c=0 (27)

allows us to express Equation (24) in terms of the disper-
sion vector ;

Zoa(Z)+E 2 [o(Ein) ]

ot 0x; ax; axj ax,-
(28)
where
—\Ei = PiC

The characteristics of y; must be evaluated experimentally,
just as the permeability tensor in Darcy’s law must be
determined by experiment. This is in effect a curve-fitting
process, and by one means or another one could always fit
the solution of Equation (28) to experimental data in
order to determine ;. This would be of little help in the
general analysis of dispersion problems, and what is
needed is a useful functional relationship for the disper-
sion vector. In exploring this problem it is best to work
with the dimensionless form of the equations. Denoting
the characteristic length, concentration, and velocity by
L, ¢o, and u,, we can write Equation (28) as

a'6+ g (aE) + (a‘@)
of ' 0X; 0X;

3 [1 (ab‘ )]
=— |- {=—+Rr 29
X, L, \ax; 7% (29)

An examination of the differential equations for C and ﬁi
will provide some useful information regarding the func-
tional dependence of ¥;. Substitution of Equations (25)
and (26) into Equation (8) and putting the result in di-
mensionless form yield

Zf pure diffusion. This condition is examined in Appendix _gé_“ £ 7, 6_6 LT ig ) _8_6_ + T _ai

: . . . i} a8 0X; aX; X, 90X,

Our next step in the analysis requires that the convec-
tive transport term be arranged in a form amenable to P 1 oC  oC
experimental analysis. Expressing the point values of v; =7 [ = 4 __) ] (30)
and ¢ as 0X; L Npe N\ 0X; 90X
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In obtaining Equation (30) we have made use of

au; el
——— T We— 0
0X;  8X; (31)

Subtracting Equation (29) from Equation (30) yields

the differential equation for 'C:

¢ —8 ~3 ~d3C 8 ==

AR  HLAARTTY ; AR § MYy

T vax T ‘axi+ 19X, oX, (€
_a[l(aE RT)] (32)
3X; LNp, \oX; i

On the basis of Equation (32) the functional dependence
of C may be expressed as
~ o~ — ~ 8C
C=C 0: Xi: Ui’ U‘h et NPB’ RT} ) (33)
aX;
in addition to any parameters appearing in the boundary

conditions. This means that C would depend on the
structure of the porous media via the boundary conditions

on C in addition to the dependence on R and T;. The func-
tional dependence of C can be simplified by writing

~ o~ _ ~ 8C

C=C (o, Xo Uy Upy—, Npe) (34)

8X;

where it is understood that G depends on the geometry.

Further( information can be obtained by examining the
equations of motion. In dimensionless form we have

U, 8 P 1 ([ U
2 o« k(2]
3 ' oX; (UL %, T Nmw \ XK, (35)
The dimensionless pressure P is defined as
=L 42 (36)
WO uﬂ

where ¢ is the gravitational potential function. In forming
the average of Equation (35) we must first multiply it by
a(x;), since this equation is valid only in the fluid region,
and then perform the integration. This yields

7 J— P 1

— = (UU)) =————
FYEN aX; (G aX; V Y4u

1 ( 32U, ) 1 U,
— =) ndA
+ NRe anan -*: VNRe fA(i) [ an ] s (37)

Here the jump conditions simply represent the value of
the function at the fluid-solid interface, and we may write

1 oU;
j;“) [P]nidA +N—-L(0 [ G_Xj-] n,dA

| [PIndA

Re

1 (aU,)
= —Pni 4 —— | —
A(i){ b + NRe an ™ } da (38)

dimensionless force exerted

N by the solid on the fluid

This result is exactly what one expects from a macroscopic
momentum balance, the surface forces being separated
into forces acting on the entrances and exits and forces
acting on the solid surfaces (4, p. 211).
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Substituting U, = Ui + 5; andP =P + P into Equa-
tion (35) one gets

U, oU; _oU, a0 ~oU, ~ oU
— =4 U+ U2 + U =L+ U, 2
0 " ae T ek, T e, T, TV,

P 9P 1(a2t7}) 1(32&)

"~ 9X; 9X; ' Nge NoX9X;/ | Nmo \ 0XpX;
(39)

Subtracting Equation (37) from this result gives the dif-

ferential equation for Uy:

aU,  — (U ~ (aU ~ [ 3U
St () + 0 (32) + 0 ()
3x,

a0 BXj BX]
8 ~~ P 1 [ &0,
2Oy = -2 L (2L
X, 3X; | Nrge \ 0X;0X;

1 1 (an)
+ v fA(i){ Poy + Nge EZ " } dA (40)

On the basis of Equation (40) the functional dependence
of U is represented by

Ui = Ui (0, X Nie, Uy, 01/0X;) (41)
plus the parameters appearing in the boundary conditions.

On the basis of Equations (34) and (41), the func-
tional dependence of w; takes the form

¥; = ¥; (8, X;, Uy, 9U;/8X;, 8C/3X;, Nre, Npe)  (42)

Further comments on the functional dependence of v,
can be made if we examine the boundary conditions for

T and C. Considering T, first, we express the boundary
conditions as

Ui=—0, S(X) =0 (43)

U,=Tuxp), 6=0 (44)

The first boundary condition states that the fluid velocity
U; is zero at the fluid-solid interface, since S(X;) is a
function locating this interface. The second boundary con-

dition specifies the distribution of (7i at some initial time.
In all likelihood this latter boundary condition would take

the special form T, = 0 at § = 0. If the volume average
flow is steady after an initial acceleration, the question
may be asked: “How long will it take before U; reaches
a steady value?” No precise answer can be given, but we
may draw upon the solution of transient flow in a tube (4,
p. 129) to estimate this time. In a tube, essentially steady
flow occurs for times greater than ¢* where

t* ~12fy (45)
Here r, is the tube radius and » is the kinematic viscosity.
For practical purposes a lower limit on » is 10~% sq.cm./

sec., and an upper limit on 7, is 10~* cm. This gives a
transient time t* of 1 sec. and indicates that we may in

general neglect the time dependence of U, Note that if

the volume average flow is unsteady, 5,~ will not depe{x_d
on time explicitly but will depend on time through U;,
and Equation (41) may be written as

Page 423



U, = Ti(X,, U, aU;/8X;, Nge) (46)

If the porous media under consideration is homogeneous,
there will be no long-range X; dependence in the function
S(X;). Under these conditions we may consider U; to de-
pend explicitly on X; only at short range, while long-range
X; dependence will occur only through the functions U;
and aU;/8X;.

Directing our attention to ﬁ, we write the boundary
conditions as

aC oC
— T — —— S Xi = 0 47
"‘ax; n ya (X (47)
C=C(Xx), 6=0 (48)

The transient time for the diffusional process will be on
the order of

t* =12/D (49)
which for normal liquids (9 = 10~3 sq.cm./sec.) leads
to transient times on the order of 10° sec. For geological
phenomena having characteristic times on the order of
hours or days, 10% sec. is quite a short time, and the ex-

plicit dependence of Con ¥ may be neglected. At the
other extreme, dispersion processes in fixed-bed reactors
(5) and chromatographic columns (6) have characteristic
times on the order of seconds. Under these conditions it
may be reasonable to neglect the explicit § dependence of

C; however, it seems best to retain the time dependence
until further analysis or experiments clarify the time de-

pendence of C.

The boundary condition expressed by Equation (47)
simply indicates that there is no mass flux across the
fluid-solid interface. Once again this boundary condition
will yield no explicit long-range X; dependence.

In light of the boundary conditiorE for ﬁz and C we
express the functional dependence of ¥; as

¥, = ¥; (0, U;, 8U;/0X;, 8C/9X;, Nre, Npe)  (50)

where the explicit X; dependence has been removed by
averaging.! We can further expect that ¥; will vary only
slowly with time.

We now wish to make the following definite statements
regarding the functional dependence of ¥;.

1. ¥; =0 when U; =0 (51)

This statement is not necessarily true [an abruptly stopped
flow where inertial effects are important would not con-
form to Equation (51)], but it seems to be a reasonable
assumption for most practical cases.

2. The effect of 8U;/6X; will be neglected. Since most
dispersion processes deal with uniform flows, this term is
usually zero, and while the analysis definitely indicates
that ¥; depends on 8U;/6X; (especially at high Reynolds
numbers), no experiments have been performed with the
intention of investigating this effect.

3. ¥; = 0 when 9C/8X; =0 (52)

From an intuitive point of view this assumption seems
quite plausible; however, there are no theoretical argu-
ments to support it. If the gradient of the concentration

were zero everywhere, then C would be a constant and

$ It is assumed here that the spatial dependence of C is dominated
by S(X:¢) and not by the spatial dependence of the initial condition.
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¥; would be zero. But Equation (52) is assumed to hold
at a point, and at that point Equation (29) reduces to

aC (a@)__a[l(aé )]
w T \ax/) T L Ve TR (53)

which certainly does not require that ¥; be zero. Never-
theless this assumption will be incorporated into the anal-
ysis, although it may easily be removed if future theoreti-
cal or experimental studies indicate that it is not satis-
factory.

On the basis of assumptions 1, 2, and 3, the functional

dependence of v, is given by

¥; = ¥; (0, Uy, 8C/3X;, Nge, Npe) (54)

where it is understood that ¥; depends on the structure of
the porous media. The functional dependence given by
Equation (54) is subject to the restrictions

=0, U;=0 (55)

and

¥, =0, 9C/6X;=0 (56)

Expanding v, _in a Taylor series (11, p. 396) about the
point U; = 4C/aX; = 0, one gets

- o oC
¥; = ¥;(0,0) + A;U; + By ( )

axX;
S _ (C
+ G UiUk + D Uj (a—}?k-)
aC oC I
+ i B-)-(.,- X, + Fur UUUy
__. (aC _ (aC ac
08 () 105 () (2)
Gua Ui \ 357 ) 8 Ui (5 ) \Gx,
oC ac aC
v (32) (52) (&) +--
m\7x, /) \ix/ \ax) (57)

where the capital script letters indicate derivatives of ¥;.
For instance

82
U; 9C/9X; (58)

On the basis of Equations (55) and (56) we require that
terms involving only U; or 9C/8X; be zero; thus

Ai; = By = Gix = Sijk = Fiju =, etc,, ete.,, = 0 (59)

Die =

U;=3C/aXy =0

We may now write Equation (57) in a more compact
form:

— 1 — (9C n = [8C
¥; = — Ay, U, (—)— e U0 (--)
i ik i an Hzgkl iVEk aX;

1 = oC aC
S 0(2) ()
i TI\exe/ \ax;

— Bijam UjUkU, (-a—c-) — . (60)
X
The minus sign is employed simply to insure that the
final equation takes the traditional form. Here it must be
remembered that the A tensors are not functions of X;
but are functions of the Reynolds number, the Peclet
number, and the structure of the porous media. In addi-
tion we can expect the A tensors to be weak functions of
time, and this time dependence may be quite important
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if the characteristic time of the process is comparable to
t* as defined in Equation (49).

Since the A tensors are derivatives of ¥;, and the order
of differentiation is of no consequence, these tensors are
symmetric in all indices except the first:

ﬂiljk = Hirkj (61a)

I o I 1 I I
Aiji = Aiie = Auge = Ay = iy = At (61b)
Similar expressions may be written describing the sym-

v N . .
metry of Hi%, Hil,-klm, etc. Substituting Equation (61) into
Equation (29) and truncating the series after the first
three terms one obtains

a6+i735_a [1 (66+RT)]
a0 Y9X;  0X; L Npe \ X; !

] [ ( 1 = " =
+— | (8h Ui+ak 00
an ﬂ] k + ﬁ] .3 i

ur — oC \ oC ]
itg Upm=—— ) —— 62
+ Rjira Uy X,/ ox. (62)

If Equations (1) and (2) are put in dimensionless form,
the result would correspond to Equation (62) without
the molecular diffusion term, the tortuosity term, and the
AT and A tensors. Bear (3) assumed that the mixing in
the cell mixing model takes place by molecular diffusion;
thus a diffusive transport term does not appear explicitly
in his result. The absence of the other terms in Bear’s
equation may result in part from the restriction to a con-

stant value for the velocity vector U,, although this can-
not completely explain the difference.

It is convenient to carry out the differentiation on the
right-hand side of Equation (62) to obtain

aC [— r (aU,) o o= (aUk)
—_— U — 28 Uy | —
” + 3+ A X, + 28y U oX,

4 g 05;) (36) ] aC
Hikd aX; X aX;

] [ 1 74C ) ] [ I =
== | — { — 4 RT AU,
ox, Ly, \ax, 710 ) |+ | Ands

I = m~ { 8C ] 82C
+ U,U; + U (___
A UiUs + 280Uy aX; X0 X

(63)
One important aspect of Equation (63) is that the con-
vective transport term on the left-hand side always takes
the simple form given in Equation (62) when U; is a
constant vector. For a pulse-injection experiment, this
means that the shape of the concentration profile, or the
breakthrough curve, will be altered only by the coeflicient
of the second-order term on the right-hand side of Equa-
tion (83).

Since the tensor §2C/0X;0X; is symmetric, it follows
that the A tensors are symmetric in the first and last in-
dices:

D = By (64a)
Hﬁij = Hﬁ;k (64b)
Ry = Al (64c)

Combined with the previous symmetry condition given
by Equations (61) this result indicates that the & tensors
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are completely symmetric. This means that in general Al

has ten distinct components, and ﬂgkz and Hﬁ;ﬁ; have fif-
teen distinct components. It is important to remember
that the average concentration used in this development
is the average over the entire volume V. If experiments
are beilr‘lig performed where the average concentration over
the fluid volume is being measured, it may be convenient
to work with the concentration C; which is related to C
by
C=o C;

If this expression is substituted into Equation (63) and
we take the porous media to be homogeneous, the disper-

sion equation is altered only to the extent that Héﬁ is
multiplied by @. If the material is nonhomogeneous, Equa-
tion (63) becomes quite complex when expressed in terms
of Cf.

ANALYSIS OF EXPERIMENTS: ISOTROPIC POROUS MEDIA

The experimental evaluation of the components at the
A tensors for an anisotropic porous media appears to be
an impossible task at the present time, and further theo-
retical work is in order. Directing our attention to the
simpler case of an isotropic media, we find that the dis-
persion equation is greatly simplified for the A tensors
must now be isotropic. There is no symmetric, third-order,
isotropic tensor (I, p. 34); thus

ﬂfjk = 0, for isotropic media (65)

A fourth-order, symmetric, isotropic tensor has only one

- 14 1
distinct component, and Rz and ﬁiljkl take the form

ﬁ{jfu = AN (881 + Sudy + 8udik) (686)

ﬁzﬁlz = A (881 + Sudin + Subj) (67)
Substitution of Equations (65), (66), and (67) into
Equation (63) yields the dispersion equation for isotropic
porous media:

aC [_ ( — aC )
- U 29177 -
> + i+ AU, + A X,

(0ﬁk+0a) ] 9C
Xy 8Xx oX;
> [ (Zvmm) ]
=—e— |— | —+RT
3X; LNp, ax,~+ !
8C

+ [ Al (2—(71-(7); + Sjkﬁz) + 2Q11 ( ﬁka—x—

j

— oC = aé) ] 32C 4
Uj— + 8 U; — 68
+ jvan+ ik iaX'_ X%, (68)

Thus for isotropic media we are confronted with the task
of determining the two parameters, A" and AU as func-
tions of Nxe, 8, Npe, and the structure of the porous media,
Establishing the dependence of Ng. and Np. would ap-
pear to be a difficult but possible experimental task; how-
ever, the structure of the porous media is not a well-de-
fined quantity, and this aspect of the problem does not
appear to be simple. If the porous media happens to con-
sist of an ordered array of uniform particles, the structure
is easily defined in terms of a few parameters; however,
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the porous media generally encountered in practice may
only be described statistically. Prager (I14) has discussed
two possible methods of description which have been
used previously in the theory of light scattering by sus-

ensions (7) and in the determination of the permeability
})or Darcy’s law (15). Prager notes that neither method
gives a complete description of the structure, and the
problem invites further experimental and theoretical stud-
ies.

The time dependence of R and A also appears to
be a difficult effect to study experimentally; however,
there are quite a number of dispersion processes for which
the characteristic time of the process is both much longer
(geological processes) and much shorter (fixed-bed proc-
esses) than the transient diffusion time #*, It seems quite
probable that the time dependency of A" and A'™ can
be neglected for these processes. On the other hand the

initial condition C = C(Xi), 6 = 0 may well effect the
value of A and A for processes having a short charac-
teristic time.

One-Dimensional Flow

If the average velocity vector is a constant, a coordi-
nate system can always be found such that two of the

components of U, are zero:
Uy = (Us 0, 0) (69)
Under this condition Equation (68) reduces to

oC _(aﬁ) 3 [1 (aﬁ )]
s TV aX; LNp, \3X; d

¥C )
3X;0X;

+ [2311 fjlﬁl (?_2_(—"_) + ﬁu“(jz
ale
oC ( 82C
an 3X13Xj
— 8C [ &C
o, 2 (20 ) ] 0
+28 13X, \ 8X;9X; (70)

If we further restrict the equation to the case where C is
only a function of X;, Equation (70) reduces to

aE+U_(aE)_ E [1 (aE+RT)]
Y] Y\ax,/  aX, LNpe \oXy g

+ 441 U,

— — 3C YeC
381 (2 oy, —— (—
+{ Al U2 4 6217 U, X, }ayq (71)

A pulse input to a system satisfying these restrictions
would provide some useful information. The component
A could be determined by the skewness of the concen-

tration profile. On the leading edge of the profile 4C/8X;
is negative; thus the coefficient of the second-order term
is decreased and the profile is steepened. On the trailing
edge 8C/8X, is positive, and the slope of the profile would
be decreased. Such an effect has been observed by Car-
berry and Bretton (5) who labeled it a bed capacitance
effect. Although the curve-fitting process would be a dif-
ficult one, in principle one couldp determine AT’ by the
skewness and A by the change in amplitude of the pulse.
Variation of the velocity while maintaining Nge and Np,
constant would allow one to determine &7 and 8™ more
accurately. However, if one is to maintain the structure
constant during this change, the viscosity must also be
varied, and this surely would give rise to a change in
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Npe. At best the experimental determination of 8! and
AT represents a difficult problem.

CONCLUSIONS

The analysis presented in this paper has led to an ex-
tended version of the dispersion equation previously de-
rived on the basis of the cell-mixing model. The result is
independent of an{l assumptions regarding the nature of
the flow (such as the degree of mixing in a void cell), ex-
cept for the restrictions of laminar, incompressible flow of
a homogeneous fluid. Furthermore, there were no assump-
tions made regarding the structure of the porous media.
Thus the terms representing dispersion and tortuosity are
completely general and provide a sound basis for the in-
terpretation of experimental results or the construction of
mathematical models.

Although the development presented here has simplified
the treatment of anisotropic porous media by showing that
the fourth-order tensor governing dispersion is completely
symmetric, this case is presently too complicated for ex-
perimental study, and further theoretical work is in order.
The result for isotropic porous media leads to an expres-
sion containing two undetermined coefficients in addition
to the tortuosity vector 1. All of these may be determined
by careful experiments, although the task is by no means
a simple one.
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NOTATION

Aw = interfacial area, sq.cm.

c = molar density, g. moles/cc.

c, = characteristic molar density, g. moles/cc.
C = ¢/c,, dimensionless molar density

C = c¢/c,, dimensionless average molar density
D = molecular diffusivity, sq.cm./sec.

G; Euclidean shifter, dimensionless

L = characteristic length, cm.

Ngre = pttoL/p, Reynolds number

Npe = u,L/D, Peclet number

p = pressure, dyne/sq.cm.

P = p/pu? + ¢/us’, dimensionless pressure

R =Aw/V,cm.

R = R/L, dimensionless

t = time, sec.

¥ = transient time for mass and momentum transport,
sec.

v; = velocity vector, cm./sec.

v = magnitude of velocity vector, cm./sec.

t, = characteristic velocity, em./sec.

U; = v;/u,, dimensionless velocity vector

V = characteristic volume for defining averages, cc.

¥ = fluid volume contained in V, cc.

x; = spatial coordinates, cm.

Xi = x/L, dimensionless spatial coordinates

Greek Letters

= void volume distribution function

tuo/L, dimensionless time

= viscosity, (dyne) (sec.)/sq.cm.

= density, g./cc.

= porosity, dimensionless

= gravitational potential function, sq.cm./sec.2

¢]1 = jump in ¢ in going from the fluid to the solid
phase

l
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E‘— = cu;, dispersion vector, g.-moles/(sq.cm.)
v, = CU,, dimensionless dispersion vector
) tortuosity vector, g.-moles/sq.cm.

(I

T ri/Co, dimensionless tortuosity vector
Superscripts

— = average value

Cand =

point value minus average value
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APPENDIX A

The functional dependence of the concentration can be
represented as

C—_-O(t,xi,vj,D) (Al)

in addition to the parameters appearing in the boundary con-
ditions. The functional dependence of the tortuosity vector
is similarly represented as

a=J

If we assume that the spatial dependence can be uniquely
represented in terms of the parameter dc/dxi, we may write

[cl njdA = v (t, %, 05, D) (A2)
)

1¢)

ac
15 =1 (t, —, 05, D) (A3)
8%t ’

This representation is encouraged by the functional dependence

~
of ¢, and it assumes that the short-range spatial variations of
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¢ and ny are removed in the integration.
Making the intuitive assumption that

ac
1j = Owhen— =0 (A4)

0x;

allows us to expand v; in a Taylor series about the point
dc/9xi = 0 to obtain

ac oc ac
JUNY > ¥ | — — —
T = BJ (axk) +B§’Id(axk) ( é)xz) 4+ .

Here the B tensors are functions of £, v;, 1), and the geometry
of the porous media. The assumption represented by Equation
(A4) is a plausible one since it can be shown that 7; = 0
when c is a constant and the porous media is homogeneous.
If the higher order terms in Equation (A5) are neglected,
this result can be substituted into Equation (24) to obtain

L= [(oomrre) =] e

— 4 —(v4¢) = — j —

7w T * /g

Here it is apparent that B! is a symmetric tensor. If the
ke

porous media is isotropic, B! can be written as
ik

B! =Bk (A7)
ik
and Equation (A8) reduces to
& 9 — 3 [( ) ac ]
L lmao==|(p+rs)= (48)
at + 0xi (eic) 0x;j 0x;j

Thus we see that the effective diffusivity often used to describe
mass transfer in porous media is given by

Dest =D + RBF

It must be remembered that for the very special case of steady
state, pure diffusion (v; = 0) in homogeneous, isotropic por-
ous media, the parameter B! is function of both the structure
of the porous media and the diffusivity D.

(A9)

APPENDIX B

The analysis presented in the body of this paper and Ap-
pendix A was restricted to rectangular Cartesian coordinates
in order to simplify the presentation. Here we wish to express
Equation (62) in a form which is valid in all coordinate sys-
tems. To do this we must express the partial derivatives as
covariant derivatives (13, p. 140), and the average velocity
vector must be interpreted as

_ 1J‘ .
U4=T’- el U;dv (B-1)

where G! is the Euclidean shifter (9). In rectangular, Car-
i
tesian coordinates )
Gi=d (B2)
i i
The derivative of the average velocity must be expressed as
—= i3 1 i i
Uk = | GiGkUsy ) —— GrGi [UidnidA (B3)
V YAy
and a generally valid form of Equation (62) is
T [ 1 ( _ )]1
4 UCi= | —( Cai+ BT
ae + st NPe 1 + 1
SO Ir_i_1 m_i A\ _ilx
+ [( AU + BiyU U + Ayl C ) C ] (B4)
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